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Abstract: Let 𝐺 be a finite group and 𝐴 be the class of all finite abelian groups. In this paper we 

show that the image of the function 𝛼 ∶  𝐴 →  ቂ0,
ଷ

ସ
ቃ, given by 𝛼(𝐺) =

|஼(ீ)|

|ீ|
  where 𝐶(𝐺) denotes 

the set of cyclic subgroups of 𝐺 and 𝐺 ∈ 𝐴. 
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1. Introduction 

Let 𝐺 be a finite group and 𝐶(𝐺) denotes the set of cyclic subgroups of 𝐺. The quantity 

𝛼(𝐺) =
|஼(ீ)|

|ீ|
   was introduced and studied in [2] by M. Garonzi and I. Lima. We recall the 

following results from [2]. 

A. If (𝐺௜)௜ୀଵ,௞തതതത is a family of finite groups having co prime orders, then  

𝛼൫𝑋௜ୀଵ
௞ 𝐺௜൯ = ෑ 𝛼(𝐺௜)

௞

௜ୀଵ

. 

B. The value 
ଷ

ସ
 is the largest non-trivial accumulation point of the set 

{𝛼(𝐺)|𝐺 = 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝}. 
C. It is clear that 0 < 𝛼(𝐺) ≤ 1. 

We also recall the following Lemma by Marius T𝑎ුrn𝑎ුuceanu and Mihai-Silviu Lazorec [1]. 

Lemma 1.1: Let 𝑛 be a positive integer, 𝑝 be an odd prime number and 𝐺 be a finite 𝑝-group 

of order 𝑝௡. Then 𝛼(𝐺) ≤ 𝛼൫𝑍௣
௡൯ =

ଵା
೛೙షభ

೛షభ

௣೙
. 

Let 𝐴 be the class of all finite groups. It is obvious that 𝛼(𝐺)𝜖(0,1]. Therefore, we consider the 

function 𝛼 ∶  𝐴 →  ቂ0,
ଷ

ସ
ቃ, given by 𝛼(𝐺) =

|஼(ீ)|

|ீ|
  where 𝐶(𝐺) denotes the set of cyclic subgroups 

of 𝐺 and 𝐺 ∈ 𝐴. 

The main objective of this short note is to prove the following theorem. 

Theorem1.3. The set {𝛼(𝐺)|𝐺 = 𝑓𝑖𝑛𝑖𝑡𝑒 𝑔𝑟𝑜𝑢𝑝} is dense in ቂ0,
ଷ

ସ
ቃ. In other words, we prove that 

the image of 𝛼 is dense in ቂ0,
ଷ

ସ
ቃ. 
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Firstly, we recall the following results by [1] and [2] respectively.  

A. 𝛼൫𝑍௣
௡൯ =

ଵା
೛೙షభ

೛షభ

௣೙
 where 𝑝 is a prime and 𝑛 ≥ 1 is an integer  

B. If 𝐺ଵ 𝑎𝑛𝑑 𝐺ଶ are two finite groups such that (|𝐺ଵ|, |𝐺ଶ|) = 1, then 𝛼(𝐺ଵ × 𝐺ଶ) =

𝛼(𝐺ଵ). 𝛼(𝐺ଶ). 
2. Main Result 

In this section, we prove the validity of the theorem1.3 . First of all, we recall the 
following preliminary results by [11]. 
Lemma2.1. Let (𝑥௡)௡ஹଵ be a sequence of positive real numbers such that lim

௡→ஶ
𝑥௡ = 0 and 

∑ 𝑥௡
ஶ
௡ୀଵ  is (convergent) divergent. Then the set containing the sums of all finite 

subsequences of (𝑥௡)௡ஹଵ is dense in [0, ∞). (A proof is given in [9], see Lemma4.1). 
Lemma2.2. Let (𝑎௡)௡ஹଵ and Let (𝑏௡)௡ஹଵ be two sequences of positive real numbers such 

that lim
௡→ஶ

ቀ
௔೙

௕೙
ቁ = 𝛽 𝜖 [0, ∞). 

If 𝛽 𝜖 (0, ∞), then the series ∑ 𝑎௡
ஶ
௡ୀଵ  and ∑ 𝑏௡

ஶ
௡ୀଵ  have the same nature.  

Proof of the theorem1.3: Consider a sequence (𝑎௡)௡ஹଵ∁ 𝐼௠𝛼, where 𝑎௡ = 𝛼൫𝑋௜ఢூ
௞ 𝑍௣೔

௡ ൯, I is 

finite subset of 𝑁∗ and 𝑝௜ is the 𝑖௧௛ prime number. Then 

 lim
௡→ஶ

𝑎௡ = lim
௡→ஶ

𝛼൫𝑋௜ఢூ
௞ 𝑍௣೔

௡ ൯ 

  = lim
௡→ஶ

∏
௣೔

೙ା௣೔ିଶ

௣೔
೙(௣೔ିଵ)௜ఢூ  

  = lim
௡→ஶ

∏
ଵ

௣೔ିଵ௜ఢூ . 

Hence, we have 

ቄ∏
1

𝑝௜ − 1௜ఢூ ቚ𝐼∁𝑁∗, |𝐼| < ∞, 𝑝௜ = 𝑖௧௛𝑝𝑟𝑖𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 ቅ ∁𝐼𝑚𝛼൫𝑋పఢ
௞ 𝑍௣ഢ

௡ ൯തതതതതതതതതതതതതതതതത = 𝐼𝑚(𝐺)തതതതതതതത∁

= ൤0,
3

4
൨. 

Now, consequently, if we show that the first ቂ0,
ଷ

ସ
ቃ, then theorem1.3 holds. 

Hence, we prove that  

ቄ∏
1

𝑝௜ − 1௜ఢூ ቚ𝐼∁𝑁∗, |𝐼| < ∞, 𝑝௜ = 𝑖௧௛𝑝𝑟𝑖𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 ቅ = ൤0,
3

4
൨. 

Consider the sequence (𝑥௜)௜ஹଵ∁(0, ∞) where 𝑥௜ = 𝑙𝑛 ቀ
ଵ

௣೔ିଵ
ቁ. 

We have  

lim
௜→ஶ

𝑥௜

1
𝑝௜

= lim
௜→ஶ

𝑙𝑛 ቀ
1

𝑝௜ − 1
ቁ

1
𝑝௜

= 1. 
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Therefore, since the series ∑
ଵ

௣೔

ஶ
௜ୀଵ  is convergent by Lemma 2.2 above, we deduce that the 

series ∑ 𝑥௜
ஶ
௜ୀଵ  is also convergent. It is obvious that lim

௜→ஶ
𝑥௜ = 0, so all the hypotheses of the 

Lemma2.1 are satisfied. Therefore, we have  

{∑ 𝑥ప
ஶ
పఢூ |𝐼∁𝑁∗, |𝐼| < ∞}തതതതതതതതതതതതതതതതതതതതതതതതതതതതത = [0, ∞) ⇔ ቄ∑ 𝑙𝑛 ቀ

ଵ

௣೔ିଵ
ቁஶ

௜ఢூ ቚ𝐼∁𝑁∗, |𝐼| < ∞ቅ= [0, ∞)  

            

 ⇔ ቄ∏
ଵ

௣೔ିଵ௜ఢூ ቚ𝐼∁𝑁∗, |𝐼| < ∞, 𝑝௜ = 𝑖௧௛𝑝𝑟𝑖𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 ቅ = [0, ∞). 

Further, we denote the interval (0, ∞) by 𝑌. Consider the topological spaces (R,𝑇ோ) and 
(𝑌,𝑇௒), where 𝑇ோ is usual topology of R and 𝑇௒ is the subspace topology on 𝑌. Note that 

for a subspace 𝑆 of 𝑅, we have 𝑆்ೊ
തതതതത = 𝑆̅ ∩ 𝑌. 

Since the function  
              𝑒𝑥𝑝: (R, 𝑇ோ) → (𝑌, 𝑇௒), given by exp(𝑥) = 𝑒௫, for every real number 𝑥, is 

continuous and ቂ
ଷ

ସ
, ∞ቁ is a closed set of  R, we have  

 

ቄ∏
1

𝑝ప − 1పఢூ ቚ𝐼∁𝑁∗, |𝐼| < ∞, 𝑝ప = 𝚤௧௛𝑝𝑟𝚤𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 ቅ
തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത

= ൤
3

4
, ∞൰. 

Note that  

ቄ∏
1

𝑝ప − 1పఢூ ቚ𝐼∁𝑁∗, |𝐼| < ∞, 𝑝ప = 𝚤௧௛𝑝𝑟𝚤𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 ቅ
തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത

= ቄ∏
1

𝑝ప − 1పఢூ ቚ𝐼∁𝑁∗, |𝐼| < ∞, 𝑝ప = 𝚤௧௛𝑝𝑟𝚤𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 ቅ
തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത

∩ 𝑌 

   = ቂ
ଷ

ସ
, ∞ቁ ∩ 𝑌 

   = ቂ
ଷ

ସ
, ∞ቁ

തതതതതതതത
∩ 𝑌 

   = ቂ
ଷ

ସ
, ∞ቁ

തതതതതതതത

்ೊ

. 

Hence, if we consider the continuous function 𝑓: 𝑌 → 𝑅, given by 𝑓(𝑦) =
ଵ

௬
, for every 

𝑦 ∈ 𝑌, we deduce that  

ቄ∏
1

𝑝ప − 1పఢூ ቚ𝐼∁𝑁∗, |𝐼| < ∞, 𝑝ప = 𝚤௧௛𝑝𝑟𝚤𝑚𝑒 𝑛𝑢𝑚𝑏𝑒𝑟 ቅ
തതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതതത

= ඄0,
3

4
ඈ. 

Consequently, our proof is complete. 

# Further, it is a open problem to study other properties of the function 𝜶 especially 
injectivity and surjectivity of 𝜶.  
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